NORTH, BELL, CAHALAN AND MOENG

Sampling Errors in the Estimation of Empirical Orthogonal Functions

GERALD R. NORTH, THOMAS L. BELL AND ROBERT F. CAHALAN

Goddard Laboratory for Atmospheric Sciences, NASA/Goddard Space Flight Center, Greenbelt, MD 20771

FANTHUNE J. MOENG

Applied Research Corporation, Landover, MD 20771 and Goddard Laboratory for Atmospheric Sciences,

NASA/Goddard Space Flight Center, Greenbelt, MD 20771
(Manuscript received 23 November 1981, in final form 5 April 1982)

ABSTRACT

Empirical Orthogonal Functions (EQF’s), eigenvectors of the spatial cross-covariance matrix of a me-
teorological field, are reviewed with special attention given to the necessary weighting factors for gridded
data and the sampling errors incurred when too small a sample is available. The geographical shape of an
EOF shows large intersample variability when its associated eigenvalue is *“‘close” to a neighboring one. A
rule of thumb indicating when an EOF is likely to be subject to large sampling fluctuations is presented.
An explicit example, based on the statistics of the 500 mb geopotential height field, displays large intersample
variability in the EOF’s for sample sizes of a few hundred independent realizations, a size seldom exceeded
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by meteorological data sets.

1. Imtroduction

Climate may be defined as the multivariate, mul-
tiple-time probability distribution of states of the
ocean-ice-atmosphere system. A primary goal in
modern climatology is the measurement and under-
standing of the parameters describing the stationary
probability distribution. Secular changes in these
parameters are of interest since they constitute a
measure of climatic change. The task of determining
the parameters is not easy since the natural vari-
ability of the climate system can lead to large sam-
pling errors in estimates of properties of the parent
distribution, Many climate variables have long time
scales so that even a very long record may contain
only a few statistically independent samples. For ex-
ample, while the time between independent samples
for estimating the mean of the 500 mb geopotential
height field at a point is between 6 and 10 days, for
sea-surface temperatures this time may be up to sev-
eral months. The independent sampling time depends
upon the parameter being estimated and the statis-
tical model used for the variable in the estimation
procedure (Leith, 1973; Jones, 1975).

Since their introduction in meteorology (Obukhov,
1947; Lorenz, 1956; Kutzbach, 1967), empirical or-
thogonal functions (EOF’s) or principal components
have become very popular as a convenient means of
representing climatological fields. The EOF’s are
defined as the eigenvectors of the cross-covariance
matrix between grid points. The eigenvectors are lin-
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ear combinations of the individual station data with
weights chosen so that the sums are uncorrelated
with each other. These weights for the various sta-
tions can be represented as a contour map. EOF’s
(the weights) are a property of the parent probability
distribution of the climate; hence, their forms are of
great interest. We cannot know the exact EOF’s for
climate but must be satisfied with estimates of them
based upon a finite number of independent realiza-
tions of the instantaneous state of the field. The pur-
pose of this paper is to provide an estimate of the
sampling errors encountered in some common cli-
matological applications. While much of the under-
lying theory exists in the statistical literature (e.g.,
Girschick, 1939; Anderson, 1963), it is usually not
in a form convenient to the climatologist. We were
guided by some earlier applied studies by Preisen-
dorfer and Barnett (1977) and Buell (1979).

The outline of the paper is as follows: Section 2
introduces EOF’s for continuous stochastic fields and
establishes notation. Section 3 makes use of linear
algebra to estimate the first-order perturbation of
eigenvalues and eigenvectors of the covariance ma-
trix due to sampling errors. Section 4 provides a nu-
merical example of how a homogeneous field with
parameters comparable to those encountered in me-
teorology generates rather large intersample vari-
ability even with a population of a few hundred.
Conclusions and a “rule of thumb™ are presented in
the last section.






