
Computing the Gradien t: It's All Uphill From Here
(A tmo 336, Fall 2007)

Getting Started. In a previous lab (seeIntegrating the HypsometricEquation|The Trape-
zoidal Rule) we introduced a simple method for computing an integral when all you know is
a discrete set function valuesat a ¯nite number of points. Here we do the opposite|that
is, instead of computing an integral we'll compute a derivative. And for our application we
considerthis: we supposethat we are given a gridded set of pressuremeasurements and we
want to compute the gradient of the pressurefrom our data.

The Metho d. We've actually beencomputing derivativesfrom a gridded datasetalready|in
our discussionof kinematics. To be speci¯c, we've been
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∂u
∂x

¼ u2¡ u1
¢ x

@u
@y ¼ u4¡ u3

¢ y

etc.

estimating the derivatives of the velocity components
using approximations such as @u=@x ¼ (u2 ¡ u1)=¢ x,
@u=@y ¼ (u4 ¡ u3)=¢ y, etc. Herewe want to do the same
thing.....we just want to be a bit more careful about it.

A 1D example. Supposewe have a function f (x)
whosevalue is known at a set of discretegrid points

¢¢¢; x i ¡ 2¢ x ; x i ¡ ¢ x ; x i ; x i + ¢ x ; x i + 2¢ x ; ¢¢¢

as illustrated below. We then want to approximate df =dx using only the known valuesof f on
the grid.

x i ¡ 2¢x x i ¡ ¢ x xi x i + ¢ x x i + 2¢x

(a) Using Taylor series,show that

f (x i + ¢ x) ¡ f (x i ¡ ¢ x)
2¢ x

=
df
dx

¯
¯
¯
x i

+ O((¢ x)2) (1)

wherethe O((¢ x)2) term refersto an error term whosesizevarieswith the squareof ¢ x (times
someother stu®). As ¢ x is madesmaller and smaller the error will also becomesmaller and
smaller|quadratically in fact. We thereforeexpect that for su±ciently small ¢ x our formula
(1) provides an accurateapproximation of the derivative.

Often we try to simplify matters by usinga shorthandnotation in which our grid points are
numbered from left to right, starting at one. The i th point on the grid is then x i = (i ¡ 1) ¢ x
and the points to right and left of this point are x i + ¢ x = x i +1 and x i ¡ ¢ x = x i ¡ 1. To further
simplify things we let the function evaluated at the i th point be denotedby f (x i ) = f i . The



function valuesat the neighboring points are then f (x i +1 ) = f i +1 and f (x i ¡ 1) = f i ¡ 1. Putting
this all together, a shorthand versionof our approximation then looks like

df
dx

¯
¯
¯
i

¼
f i +1 ¡ f i ¡ 1

2¢ x
(2)

The one-sided variants. The method described above is referredto as a centered di®erence
approximation, sinceit approximates a derivative at the i th point using the two grid points to
either side. (That is, the approximation point x i is centered betweenthe two grid points used
in the di®erence.)Unfortunately, sometimesthe data on either side of our point of interest is
not actually available. For instance,supposewe're at the leftmost edgeof our 1D grid (i.e.,
at the point labeled x1). At this point we have a neighboring grid point to our right but no
neighboring point to the left. So what do we do now? Well, we'll just have to modify our
approximation.

(b) Show using Taylor seriesthat

f (x i + ¢ x) ¡ f (x i )
¢ x

=
df
dx

¯
¯
¯
x i

+ O(¢ x)

where the notation O(¢ x) meansthat in this caseour error varies linearly with ¢ x (times
someother stu®). For small ¢ x this linear approximation is lessaccuratethan our centered
di®erence|since for small ¢ x an O((¢ x)2) error is smaller than a O(¢ x) error|but it has
the avantage of only requiring data to our right.

(c) Similarly, show also that

f (x i ) ¡ f (x i ¡ ¢ x)
¢ x

=
df
dx

¯
¯
¯
x i

+ O(¢ x)

which then only requiresdata to the left.

The approximations described in (b) and (c) are referred to as one-sided di®erences since
they require information only from the point to the left of our point of interest or elsefrom the
point to the right (but not from both). The advantage of theseapproximations is that we can
usethem at the grid edges.But sincethe one-sidedapproximations are lessaccuratethan the
centered di®erence(for small ¢ x at least), we'll want to stick with our centered approximation
wherever possible.

Finally, in terms of our shorthand notation the one-sideddi®erenceslook like

df
dx

¯
¯
¯
i

¼
f i +1 ¡ f i

¢ x
and

df
dx

¯
¯
¯
i

¼
f i ¡ f i ¡ 1

¢ x
(3)

The 2D Case. The 1D method described above extendsto the 2D (or even 3D) casemore
or lessdirectly. The only changeis that now when we take a derivative in the x-direction we



have to make sure to keepthe y coordinate ¯xed (and vice-versa). (Of course,the notation
changesa bit as well|that is, we use@=@x instead of d=dx to denotethe derivative. But this
just reminds us that we're keepingour other coordinate variables|in this casey|¯xed.)

Now supposewe have a function p(x; y) and that the value of this function is de¯ned on an
evenly spaced,rectangularset of grid points in 2D (as illustrated below). We'll let the distance
betweenany two adjacent grid points in the x-direction be ¢ x, while the distancebetweenany
two points in the y-direction is ¢ y. (In practice we'll assume¢ x = ¢ y, but in principle they

pi;j pi+1;jpi ¡ 1;j

pi,j+1

pi;j ¡ 1pi ¡ 1;j ¡ 1

pi+1;j +1pi ¡ 1;j +1

pi+1;j−1

@p
@x ¼ pi+1;j−pi−1;j

2∆x

@p
@y ¼ pi;j +1¡ pi;j −1

2∆y

x i;j = (i − 1)¢ x

yi,j = (j ¡ 1)∆y

could be di®erent.)

Sinceour grid is two dimen-
sional we'll needtwo indicesto
keeptrack of the points. We'll
let the index i keep track of
the position in the x direction
(increasingeastward) and we'll
let j keep track of position
in the y direction (increasing
northward). The point labeled
(i; j ) on the grid then has the
x and y coordinatesgiven by

x i;j = (i ¡ 1) ¢ x and

yi;j = (j ¡ 1) ¢ y

Oncewe have the grid set up, the 2D extensionsfor the 1D centered di®erencede¯ned in
(2) are relatively straightforward. Speci¯cally

@p
@x

¯
¯
¯
i;j

¼
pi +1 ;j ¡ pi ¡ 1;j

2¢ x
and

@p
@y

¯
¯
¯
i;j

¼
pi;j +1 ¡ pi;j ¡ 1

2¢ y
(4)

Note that we've kept our y-coordinate ¯xed when approximating @p=@x and our x-coordinate
¯xed while approximating @p=@y. Similarly, the corresponding one-sidedderivativesin x must
be

@p
@x

¯
¯
¯
i;j

¼
pi +1 ;j ¡ pi;j

¢ x
and

@p
@x

¯
¯
¯
i;j

¼
pi;j ¡ pi ¡ 1;j

¢ x
(5)

while the one-sidedderivativesin y are

@p
@y

¯
¯
¯
i;j

¼
pi;j +1 ¡ pi;j

¢ y
and

@p
@y

¯
¯
¯
i;j

¼
pi;j ¡ pi;j ¡ 1

¢ y
(6)

Using (4){(6) we can approximate both @p=@x and @p=@y at any point on our 2D grid
(including both the interior points and the grid edges).

Error Testing. As before, we'll determine the error in our calculations by ¯rst comparing
againsta known solution. To get started, copy the script ¯les get field.m and get error.m from



the sharedATMO336 directory to your homedirectory. The ¯rst script is usedto de¯ne the
pressure¯eld, while the secondscript estimatesthe error in your gradient calculations. With
a few exceptionsthe two scripts are already done for you and will not needto be modi¯ed
(again, with a few exceptions).

(d) As our test pressure¯eld we'll use

p(x; y) = cos(x) cos(y) (7)

You'll need the gradient of this function later when computing the error, so go aheadand
evaluate the gradient now [as a function of (x; y)] and add the result to the get error.m script
where indicated. Note that get error.m already knows about the x and y coordinates on the
grid. So to indicate the x-coordinate, for instance, you can just usex(i, j). (And similarly
y(i, j) givesthe y-coordinate.)

De¯ning the grid. Now to set up our grid. For our computational domain we'll considera
rectanglegiven by ¡ 3¼=2 · x · ¼=2 and ¡ ¼=2 · y · ¼=2. Note that if L = ¼is the domain
width in the y-direction, then the domain width in the x-direction is 2L. We'll want the grid
spacingto be the samein both directions (i.e, we want ¢ x = ¢ y), so we'll end up using twice
as many grid intervals in the x-direction as in the y-direction (as illustrated below).

2L = 2N ¢ x

L = N ¢ y

Now supposethat the computational domain consistsof N grid intervals in the y-direction (so
that L = N ¢ y) and 2N grid intervals in the x-direction (so that 2L = 2N ¢ x). And suppose
that the number of grid points in the y-direction is ny and the number of grid points in the
x-direction is nx. Then how are nx and ny related to N ? (No needto write this down.)

The discretized gradient. Your friendly neighborhood TA (FNTA) hasgiven you a function
script (de¯ned in get fields.m) that de¯nes the pressure¯eld for you on the grid described
above. The function actually de¯nes any of three di®erent pressure¯elds, depending on the



value of a °ag that's speci¯ed in the function call. (Our test problem (7) corresponds to flag
= 1). The syntax for the function call looks somethinglike

[x, y, p] = get fields (N, flag);

whereN is the number of grid intervals in the y-direction (as above) and whereflag is either
1, 2 or 3. The returned variablesare then the x-coordinate, the y-coordinate and the pressure
¯eld. Each of the returned variablesis de¯ned on the grid points and is thus a function of the
two indices i and j (i.e., x(i, j), etc).

With that, wecannow computeour discretizedderivatives. You'll want to put the following
in a script (say gradient.m) since you'll need to modify various aspects of this calculation
later on. To be concretewe'll let our grid feature 32 intervals in the y-direction and 64 in the
x-direction. A script to compute the derivativesmight then look like

N = 32;
[x, y, p] = get ¯elds(N, 1);
dx = ; dy = ; nx = ; ny = ;

%% centered di®erencingfor interior points
for i=2:nx-1
for j=1:n y

dpdx(i, j) = ;
end
end
for i=1:nx
for j=2:n y-1

dpdy(i, j) = ;
end
end

%% one-sideddi®erencingfor grid edges
for j=1:n y

i = 1;
dpdx(i, j) = ;
i = nx;
dpdx(i, j) = ;

end
for i=1:nx

j = 1;
dpdy(i, j) = ;
j = ny;
dpdy(i, j) = ;

end

whereof coursethere are lots of things for you to ¯ll in.



Making the plot. To plot your discretizedgradient, ¯rst copy over the plotgrad.m script
from the ATMO336 directory. (No need to modify this one.) Calling plotgrad from the
commandline then doestwo things. First the isobarsare plotted and the script then pauses
for re°ection. Hitting the spacebar(or any other key) then overlays the gradient vector.

Go aheadand take a look. (Remember to ¯rst run your gradient.m script so that you have
a discretizedgradient to plot!) Doesthe gradient vector look reasonable?

Convergence testing. Nice gal that she is, your FNTA has also given you a script|the
get error.m script|to compute the error in your computations. (You've already copied and
edited this one previously, so don't overwrite!) The error function takesx, y, dpdx and dpdy
as arguments and returns a rough estimate of the fractional error. (You can think of this as
roughly the averagepercentage error on the grid|divided by 100.) Find the error for your N
= 32 caseby adding

E = get error(x, y, dpdx, dpdy)

to the end of your gradient.m script. Note that N = 32 is pretty good resolution, soyour error
should be small. In particular, if your error is bigger than 0.0025then you should go back to
your code and try, try again.

(e) Way back when we argued that the error in our centered di®erenceapproximation
should depend roughly on the grid spacingsquared. Sincewe've set ¢ x = ¢ y, we'll just
call this a O((¢ x)2) error and forget about ¢ y for the moment. Test your predicted error
dependenceby computing the error for N = 4, 6, 8, 10, 16, 24, 32 and 64. Then plot your
results asa function of ¢ x and save to a jpg ¯le. Doesthe error in fact go down quadratically
as ¢ x decreases?

In terpreting the Gradien t Geometrically . Your FNTA likes her calculations clean, so
let's say our error tolerancefor this lab will be 1% (or fractional error of 0.01). Take a look at
your error curve and pick the smallestvalue of N for which the error is lessthan 0.01. Then
resetN to this value in your gradient.m script.

(f ) Make the gradient plot, save the result to grad 1.jpg and copy to the ¯gure directory
to turn in. Then brie°y answer the following:

² How is the direction of the gradient vector related to the pressurecontours?

² How is the magnitude of the gradient related to the spacingof the contours?

² If the pressurecontours were a topo map (with the terrain height determined
by the value of p), would the gradient vector point uphill, downhill or along the
line of constant height?

(g) Finally, go back and look at the other two pressure¯elds de¯ned in get fields.m. (To
do this, just changethe last argument in your get fields call|at the top of your gradient.m



script|from 1 to 2 ... and then eventually to 3). Make a plot for each caseand save the results
to grad 2.jpg and grad 3.jpg. And copy to the ¯gure directory to turn in.

Would your answers to the three questionsgiven above be any di®erent for thesecases?

And as always, ¯nd the persontwo seatsdown to the right and argueover whose¯gures
are best.


